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Abstract
Using several currently available techniques, including Baker’s method, Frey curves and modular forms,
we prove that for odd values of k with 1 k < 170, the equation
1k + 2k + · · · + xk = y2n
in positive integers x, y,n with n > 2 has only the trivial solution (x, y) = (1,1).
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1. Introduction
Several authors dealt with the power values of power sums. A classical problem of Lucas [15]
was whether the diophantine equation
12 + 22 + · · · + x2 = y2 (1)
has solutions in positive integers other than (x, y) = (1,1) and (24,70). In 1918 Watson [22]
solved Eq. (1) and answered the question in the negative. For a survey on this problem, see [2].
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Sk(x) = yl, (2)
where we write Sk(x) = 1k + 2k + · · · + xk for positive integer k. There are several effective and
ineffective results concerning Eq. (2), see the survey paper [10]. Schäffer conjectured that (2) has
a unique non-trivial (i.e. (x, y) = (1,1)) solution, namely (k, l, x, y) = (2,2,24,70). Recently,
Jacobson, Pintér, Walsh [12] and Bennett, Gyo˝ry, Pintér [6] proved that the Schäffer’s conjecture
is true if 2 k  58, k is even, l = 2 and 1 k  11, l is arbitrary, respectively.
Following and extending the approach of [6] and using modern techniques of diophantine
analysis, including Baker’s theory, Frey curves and modular forms, we prove
Theorem. For odd values of k, with 1 k < 170, the equation
Sk(x) = y2n in positive integers x, y,n with n > 2 (3)
possesses only the trivial solution (x, y) = (1,1).
In other words, if k is odd, k < 170 and l > 2 then there are no solutions to (2) with y = z2 for
z ∈ Z with z > 1. One can apply our method for larger k, however, the factorization of numerator
of Bernoulli number Bk with large k is a very hard computational problem.
2. Auxiliary results
The following theorem summarizes some recent results obtained by Bennett, Darmon, Kraus,
Merel, Yazdani and others (see [8] and [13]) on ternary equations of the form
Axn +Byn = Czm with m ∈ {3, n}. (4)
For a given prime q and non-zero integer u, set
Radq(u) =
∏
p|u,p =q
p,
where the product is taken over p primes, and write ordq(u) for the largest non-negative integer k
with qk | u.
• If m = 3 (see [8]) we assume, without loss of generality, that 3  Ax and Byn ≡ 2 (mod 3).
Further, suppose that C is cube free, A and B are nth-power free and that Eq. (4) does not
correspond to one of the identities
1 · 25 + 27 · (−1)5 = 5 · 13 or 1 · 27 + 3 · (−1)7 = 1 · 53.
We consider the elliptic curve
E : Y 2 + 3CXY +BynY = X3,
and set
Nn(E) = Rad3(AB)Rad3(C)2ε3,
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ε3 =
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
32, if 9 | (2 +C2Byn − 3Cz),
33, if 3 ‖ (2 +C2Byn − 3Cz),
34, if ord3(Byn) = 1,
33, if ord3(Byn) = 2,
1, if ord3(B) = 3,
3, if ord3(Byn) > 3 and ord3(B) = 3,
35, if 3 | C.
• If m = n (see [13]), then we may assume without loss of generality, that Axn ≡ −1 (mod 4)
and Byn ≡ 0 (mod 2). The corresponding Frey curve is
E : Y 2 = X(X −Axn)(x +Byn),
and put
Nn(E) = Rad2(ABC)εn,
where
εn =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
1, if ord2(ABC) = 4,
2, if ord2(ABC) = 0 or ord2(ABC) 5,
2, if 1 ord2(ABC) 3 and xyz even,
8, if ord2(ABC) = 2 or 3 and xyz odd,
32, if ord2(ABC) = 1 and xyz odd.
We note that both for m = 3 and m = n, the numbers Nn(E) are closely related to the con-
ductors of the above curves (cf. [7,8] and [13]).
Lemma 1. Suppose that A, B , C, x, y and z are non-zero integers with Ax, By and Cz pairwise
coprime, xy = ±1, satisfying Eq. (4) with prime n 5 and n  ABC. Then there exist a cuspidal
newform f =∑∞r=1 crqr (q := e2πiz) of weight 2, trivial Nebentypus character and level Nn(E)
for Nn(E) given as above. Moreover, if we write Kf for the field of definition of the Fourier
coefficients cr of this form and suppose that p is a prime, coprime to nNn(E), then
NormKf /Q(cp − ap) ≡ 0 (mod n),
where ap = ±(p + 1) (if p | xy) or ap ∈ Sp,m (if p  xy), with
Sp,3 =
{
u: |u| < 2√p, u ≡ p + 1 (mod 3)}
and
Sp,n =
{
u: |u| < 2√p, u ≡ p + 1 (mod 4)}.
Proof. This is a combination of some deep results of [8] and [13]. (For a survey on this topic,
see also [3].) 
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Axn −Byn = C (5)
play a central role in the proof. The following result is due to Bennett, Gyo˝ry, Mignotte and
Pintér [5], cf. [4].
Lemma 2. Let S = {p,q} for p and q primes with 2  p,q  13. If A,B,x, y,n are positive
integers with A,B S-units, A<B and n 3, then the only solutions to Eq. (5) with C = ±1 are
those with
n 3, A ∈ {1,2,3,4,7,8}, x = y = 1
and
n = 3, (A,x) = (1,2), (1,3), (1,4), (1,9), (1,19), (1,23), (3,2), (5,11),
n = 4, (A,x) = (1,2), (1,3), (1,5), (3,2),
n = 5, (A,x) = (1,2), (1,3),
n = 6, (A,x) = (1,2).
Bennett [1] gave a sharp estimate for the number of positive solutions to (5) in case C = ±1.
Lemma 3. If A,B and n are integers with AB = 0 and n 3, then the equation
∣∣Axn −Byn∣∣= 1
has at most one solution in positive integers (x, y).
Proof. See [1, Theorem 1.2]. 
The next result provides a rather good upper bound for the exponent n.
Lemma 4. Let
F(x, y) = Axn −Byn, A = B,
be a binary form of degree n  3, with positive integer coefficients A and B . Set M =
max{A,B,3}. Suppose that
F(x, y) = C
with x > |y| > 0. Then
nmax
{
3 log
(
1.5|C/B|),7400 logM },λ
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λ = log
(
1 + logM| log(A/B)|
)
.
Proof. See [16, Theorem 2]. 
For any algebraic number α of degree d over Q, whose minimal polynomial over Z is
a
∏d
i=1(X − α(i)) where the roots α(i) are complex numbers, we define the absolute logarith-
mic height of α by
h(α) = 1
d
(
log|a| +
d∑
i=1
log max
(
1,
∣∣α(i)∣∣)
)
.
Lemma 5. Consider the linear form
Λ = b2 logα2 − b1 logα1,
where b1 and b2 are positive integers and α1, α2 are non-zero algebraic numbers. Suppose
that α1 and α2 are multiplicatively independent. Let D = [Q(α1, α2) : Q]/[R(α1, α2) : R]. Let
a1, a2, h, k be real positive numbers, and ρ a real number > 1. Put λ = logρ and suppose that
hD
(
log
(
b1
a2
+ b2
a1
)
+ logλ+ f (K)
)
+ 0.023,
and
ai max
{
1, ρ|logαi | − log|αi | + 2Dh(αi)
}
(i = 1,2),
a1a2  λ2,
where
f (x) = log (1 +
√
x − 1 )√x
x − 1 +
logx
6x(x − 1) +
3
2
+ log 3
4
+ log
x
x−1
x − 1
and
L = 2 + [2h/λ], K = 1 + [kLa1a2].
Then we have the lower bound
log|Λ|−λkL2a1a2 − max
{
λ(L− 0.5)+ log((L3/2 +L2√k )max{a1, a2} +L), D log 2},
provided that k satisfies
kU − V√k −W  0
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U = (L− 1)λ− h, V = L/3, W = 1
3
(
1
a1
+ 1
a2
+ 2
√
L
a1a2
)
.
Proof. This is Theorem 1.5 in [17] which is based on the results of [14]. 
On applying Lemmas 4 and 5, we obtain a sharper bound for n.
Lemma 6. Suppose that Axn − Byn = C with x > |y| > 0, 3 log(1.5|C/B|)  7400 logM
λ
and
log 2C
log 2  8 logM . Then we have
nmin
(
7400
logM
λ
,3106 logM
)
,
where λ = log(1 + logM|log(A/B)| ).
Proof. As an initial value, Lemma 4 gives that n 10676 logM . We have
1 − B
A
(
y
x
)n
= C
Axn
,
and so
Λ =
∣∣∣∣log BA − n log xy
∣∣∣∣ 2CAxn .
In the sequel, we assume that 1 y < x. Keeping the notation of Lemma 5, we choose ρ = 4.1,
λ = log 4.1 = 1.411, b2 = 1, b1 = n, α1 = x/y, D = 1 and
a1 = 5.1 logx, a2 = 7.1 logM,
h = log 10 676 logM
7.1 logM
+ log 1.411 + 0.023 + 1.32 = 9.1,
provided that K  100. Then L = 14, and set k = 0.37. One can check that U = 9.33, V = 4.66
and
W  1
3
(
1
7.1 log 3
+ 1
5.1 log 2
+ 2
√
14
7.1 · 5.1 · log 2 · log 3
)
 0.612,
kU − V√k  0.614. Lemma 4 yields
logΛ−(3607 logx logM + 26.17 + log log max(M,x))−3642 logx logM,
and thus
n logx + logM − log(2C) 3642 logM logx,
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n 3650 logM.
We apply Lemma 4 again with this bound for n. We obtain h = 7.93, L = 13, U = 9.002, V =
4.33 and put k = 0.355, thus
kU − V√k = 0.6138 >W
and
logΛ> −(3065 logM logx + 24.61 + log log max(M,x))−3098 logM logx,
and finally,
n 3106 logM. 
Finally, we summarize some well-known properties of the polynomial Sk(x), see e.g. [18]
or [20].
Lemma 7.
(i) Sk(x) = 1k+1 (Bk+1(x+1)−Bk+1), where Bk+1(x) denotes the k+1th Bernoulli polynomial
and Bk+1 = Bk+1(0).
(ii) Sk(x) = Sk(−x − 1) for odd values of k, and 0 and −1 are double zeros of Sk(x) for odd
values of k, with k  3.
3. Proof of Theorem
By the main result of [6], we assume that k > 11. Let (x, y,n) be an arbitrary, but fixed
solution to (3). Lemma 7 shows that we can rewrite (3) as
x2
(
f (x)x2 +Ck
)= Dky2n,
and similarly,
(x + 1)2(f (x + 1)(x + 1)2 +Ck)= Dky2n,
where f (x) ∈ Z[x] and Ck,Dk ∈ Z. Let p be a prime. One can deduce the following elementary
observations:
(i) if ordp(Ck) = ordp(Dk) = 0, then 2n | ordp(x2),
(ii) if ordp(Ck) = 0 and ordp(Dk) is odd, then ordp(x2) = 0,
(iii) if ordp(Ck) = ordp(Dk) = 1, then 2n | ordp(x2),
(iv) if ordp(Ck) = 1 and ordp(Dk) is even, then ordp(x2) = 0,
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k C′
k
D′
k
k C′
k
D′
k
13 1 22 93 1 22
15 22 24 95 24 · 3 · 52 26 · 32 · 5
17 3 22 · 32 97 7 22 · 72
19 2 23 99 2 · 32 · 52 · 72 23 · 3 · 52
21 1 22 101 3 22 · 32
23 22 · 3 24 · 32 103 22 24
25 1 22 105 1 22
27 2 · 32 23 107 2 · 32 23 · 33
29 1 22 109 5 22 · 52
31 23 25 111 23 · 52 25 · 5
33 1 22 113 3 22 · 32
35 2 · 3 23 · 32 115 2 · 52 23 · 5
37 1 22 117 32 22 · 3
39 22 24 119 22 · 3 · 52 24 · 32 · 52
41 3 22 · 32 121 1 22
43 2 23 123 2 23
45 32 22 · 3 125 32 · 52 22 · 33
47 23 · 3 25 · 32 127 52 27
49 5 22 · 52 129 1 22
51 2 · 52 23 131 2 · 3 23 · 32
53 32 22 · 33 133 1 22
55 22 24 135 22 · 33 24 · 3
57 1 22 137 3 22 · 32
59 2 · 3 23 · 32 139 2 · 7 23 · 72
61 1 22 141 72 22 · 7
63 24 · 32 26 · 3 143 23 · 32 25 · 33
65 3 22 · 32 145 1 1
67 2 23 147 2 · 72 23
69 5 22 · 52 149 3 · 5 22 · 32 · 52
71 22 · 32 · 52 24 · 33 · 5 151 22 · 52 24
73 1 1 153 32 22 · 3
75 2 · 52 23 155 2 · 3 23 · 32
77 3 22 · 32 157 1 1
79 23 25 159 24 26
81 33 27 · 32 161 33 22 · 34
83 2 23 163 2 23
85 1 1 165 1 22
87 22 24 167 22 · 3 24 · 32
89 3 · 5 22 · 32 · 52 169 5 22 · 52
91 2 · 52 23 · 5
and these properties are true for the factor (x + 1)2, as well. Using (ii)–(iv), in the factorization
of Ck and Dk we omit prime p for which ordp(CkDk) = 1 or ordp(Ck) = ordp(Dk) = 1, for
these reduced values of C′k and D′k see Table 1.
Thus we obtain
x2 = a21 · y2n1 and (x + 1)2 = a22 · y2n2
where ai, yi ∈ Z (i = 1,2), and apart from the cases k = 71 and 99, ai possesses at most two
prime factors with P(ai) 7. Applying Lemma 2 for these values of k we get the trivial solution
420 Á. Pintér / Journal of Number Theory 125 (2007) 412–423(x, y) = (1,1) to Eq. (1). In the sequel we deal with the remaining cases. For k = 71 we have
x = a1 · yn1 and x + 1 = a2 · yn2 , where a1a2 divides 30, and for k = 99 we get x = a3 · yn3 and
x + 1 = a4 · yn4 , where a3a4 divides 210 or 30 · 7n−1.
We have to solve 44 families of Thue-like equations Axn − Byn = 1 in integers x, y and n
with n 3 prime or n = 4 and
(A,B) ∈ {(1,210), (1,30 · 7n−1), (1,30), (1,42), (1,70), (1,105), (1,15 · 7n−1),(
1,10 · 7n−1), (1,6 · 7n−1), (2,105), (3,70), (5,42), (6,35), (7,30),
(10,21), (14,15),
(
2,15 · 7n−1), (3,10 · 7n−1), (5,6 · 7n−1),(
6,5 · 7n−1), (10,3 · 7n−1), (15,2 · 7n−1), (30,7n−1),
(2,15), (3,10), (5,6), (2,35), (5,14), (7,10),
(
2,5 · 7n−1), (5,2 · 7n−1),(
10,7n−1
)
, (2,21), (3,14), (6,7),
(
2,3 · 7n−1), (3,2 · 7n−1), (6,7n−1),
(3,35), (5,21), (7,15),
(
3,5 · 7n−1), (5,3 · 7n−1), (15,7n−1)}.
If (A,B) ∈ {(5,6), (6,7), (14,15)}, then Lemma 3 completes the proof. We may suppose
that n  11, since a new Thue-solver routine in PARI (which is based on a theoretical result
due to Hanrot [11]) solved our Thue equations of low degree without GRH. Further, Lemma 5
yields an upper bound for n n0(A,B). In the case A > 1,B > 1 and (A,B) is different from
the previous three pairs, we use the local method, and we can prove the impossibility of the
corresponding congruence Axn −Byn ≡ 1 (mod p) for an appropriate prime p = 2tn+ 1, apart
from the following triplets
(A,B,n) = (2,105,13), (2,105,19), (5,42,11), (5,6 · 718,19), (30,718,19), (15,2 · 718,19),
(3,14,13), (5,14,13), (3,35,19),
(
15,712,13
)
,
(
5,3 · 712,13), (10,716,17).
One can calculate if (A,B,n) ∈ {(2,105,13), (15,2 · 718,19), (15,712,13), (30,718,19)},
then the corresponding equations in integers x, y are impossible modulo n2.
Table 2 shows the CPU time for solving some exceptional equations by above mentioned
PARI subroutine.
In the remaining cases we apply the modular approach. Considering these Thue equations as
ternary equations with signature (n,n,m), where m ∈ {3, n}, we calculate a prime p = 2tn + 1
for every triplet (A,B,n) such that p | xy ((x, y) is an arbitrary solution to the equation
Axn − Byn = 1). Then an easy calculation gives that n does not divide NormKf /Q(cp −
Table 2
(A,B,n) CPU time
(5,42,11) 1 min
(5,14,13) 2 mins
(3,14,13) 1 min
(10,716,17) 49 mins
(5,3 · 712,13) 5 mins
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(A,B,n) signature N p
(2,105,19) (n,n,n) 210, 3360 1103
(5,6 · 718,19) (n,n,n) 210, 3360 419
(3,35,19) (n,n,3) 105, 2835 2
(p + 1))NormKf /Q(cp + (p + 1)) for every modular form f of level N . For arithmetical de-
tails, see Table 3. To provide these data we refer to [9,21] and some subroutines of MAGMA.
In the sequel we assume that A = 1 and, by PARI, n  17. If B = 105 or 15 · 7n−1 then
xy is even, and we consider our Thue equations as a ternary equations with signature (n,n,3).
Then the level N of the corresponding modular form f is 3 · 35 or 81 · 35. We may suppose that
this modular form f is higher dimensional (i.e. Kf is a proper extension of Q), otherwise the
Hasse–Weil bounds yield n 2
√
2 + 3, which is a contradiction. Lemma 1 gives that
n | gcd(A(3)2 ,A(3)11 ,A(3)13 ),
where
A
(3)
2 = NormKf /Q(c2 − 3)NormKf /Q(c2 − 3),
A
(3)
11 = NormKf /Q(c11 − 12)NormKf /Q(c11 − 6)NormKf /Q(c11 − 3)NormKf /Q(c11)
× NormKf /Q(c11 + 3)NormKf /Q(c11 + 6)NormKf /Q(c11 + 12)
and
A
(3)
13 = NormKf /Q(c13 − 14)NormKf /Q(c13 − 5)NormKf /Q(c13 − 2)NormKf /Q(c13 + 1)
× NormKf /Q(c13 + 4)NormKf /Q(c13 + 7)NormKf /Q(c13 + 14).
Checking this relation for every higher dimensional modular form f of levels 105 and 2835, we
obtain n ∈ {2,3,5,7,11}.
In the remaining cases we deal with the Thue equations as ternary equation with signa-
ture (n,n,n). If the corresponding modular form is higher dimensional, then we apply the above
mentioned sieve for n, see Table 4. Set
A
(n)
3 = NormKf /Q(c3 − 4)NormKf /Q(c3)NormKf /Q(c3 + 4),
A
(n)
5 = NormKf /Q(c5 − 6)NormKf /Q(c5 − 2)NormKf /Q(c5 + 2)NormKf /Q(c5 + 6),
A
(n)
13 = NormKf /Q(c13 − 14)NormKf /Q(c13 − 6)NormKf /Q(c13 − 2)NormKf /Q(c13 + 2)
× NormKf /Q(c13 + 6)NormKf /Q(c13 + 14),
A
(n)
17 = NormKf /Q(c17 − 18)NormKf /Q(c17 − 6)NormKf /Q(c17 − 2)NormKf /Q(c17 + 2)
× NormKf /Q(c17 + 6)NormKf /Q(c17 + 18),
and
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(A,B) N n1 nm sieve n
(1,30) 30, 480 1 + 8 0 + 0 – –
(1,42) 42, 672 1 + 8 0 + 2 n | A(n)5 2, 3
(1,6 · 7n−1) 42, 672 1 + 8 0 + 2 n | A(n)5 2,3
(1,70) 70, 1120 1 + 16 0 + 4 n | A(n)3 2
(1,10 · 7n−1) 70, 1120 1 + 16 0 + 4 n | A(n)3 2
(1,210) 210, 3360 5 + 26 0 + 10 n | gcd(A(n)13 ,A(n)17 ,A(n)19 ) 2,3,7,13
(1,30 · 7n−1) 210, 3360 5 + 26 0 + 10 n|gcd(A(n)13 ,A(n)17 ,A(n)19 ) 2,3,7,13
A
(n)
19 = NormKf /Q(c19 − 20)NormKf /Q(c19 − 8)NormKf /Q(c19 − 4)NormKf /Q(c19)
× NormKf /Q(c19 + 4)NormKf /Q(c19 + 8)NormKf /Q(c19 + 20).
In Table 4, n1 and nm denote the number of one-dimensional (i.e. Kf = Q) and higher di-
mensional modular forms of level N , respectively. For example, there are five one-dimensional
modular forms of level 210, 26 one-dimensional modular forms of level 3360.
Finally, we have to solve the equations xn − 210yn = 1 and xn − 30 · 7n−1yn = 1 for n ∈
{17,19}. One can check that all the solutions (x, y) of x17 − 210y17 = 1, x17 − 30 · 716y17 = 1
and x19 −210y19 = 1, x19 −30 ·718y19 = 1 satisfy 103 | xy and 191 | xy, respectively. However,
17  NormKf /Q(c103 − 104)NormKf /Q(c103 + 104)
and
19  NormKf /Q(c191 − 192)NormKf /Q(c191 + 192),
for every higher dimensional modular form f of level 3360, thus we have if (x, y) is a non-trivial
(i.e. |xy| > 0) solution of xn −Byn = 1 with
B ∈ {(1,210), (1,30 · 7n−1), (1,30), (1,42), (1,70), (1,105), (1,15 · 7n−1),(
1,10 · 7n−1), (1,6 · 7n−1)}
then its corresponding modular form is one-dimensional.
In the one-dimensional case there is no an efficient sieve for the exponent n. For fixed B and
n we calculate a prime p = 2tn+ 1 such that p | xy. If
n  NormKf /Q
(
cp − (p + 1)
)
NormKf /Q
(
cp + (p + 1)
)
for every modular form f of level N = N(B), then we are done. If there exists a modular form f ′
for which the relation holds, then we choose a new prime p1 = 2t ′k1n+ 1 and p1 | xy and
n  NormKf ′/Q
(
cp1 − (p1 + 1)
)
NormKf ′/Q
(
cp1 + (p1 + 1)
)
.
After a long and straightforward calculation (which is available from the author on request) for
every B and n n0(B) we obtain that xy = 0, and this completes the proof.
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